This work presents a recursive construction for simple t-designs using resolutions of the ingredient designs. The result extends a construction of t-designs in our recent paper [39] . Essentially, the method in [39] describes the blocks of a constructed design as a collection of block unions from a number of appropriate pairs of disjoint ingredient designs. Now, if some pairs of these ingredient t-designs have both a suitable s-resolution, then we can define a distance mapping on their resolution classes. Using this mapping enables us to have more possibilities for forming blocks from those pairs. The method makes it possible for constructing many new simple t-designs. We give some application results of the new construction.
Introduction
In a recent paper [39] we have presented a recursive method for constructing simple t-designs for arbitrary t. The method is of combinatorial nature since it requires finding solutions for the indices of the ingredient designs that satisfy a certain set of equalities. In essence, the core of the construction is that the blocks of a constructed design are built as a collection of block unions from a number of appropriate pairs of disjoint ingredient designs. In particular, when a pair of ingredient designs is used, we take as new blocks the unions of all the pairs of blocks in the two ingredient designs. For the sake of simplicity we refer to this construction method as the basic method or the basic construction.
In the present paper we describe an extension of the basic construction by assuming that a subset of pairs of ingredient designs have suitable resolutions. For those given pairs we may define a distance mapping on their resolution classes. By using this mapping we have more possibilities for forming blocks from those pairs other than taking the unions of all possible pairs of blocks in the ingredient designs. This construction actually extends the basic construction since many new simple t-designs can only be constructed with the new method. The crucial point of this extension is the use of s-resolutions for t-designs. The concept of s-resolution may be viewed as a generalization of the notion of parallelism, which may be termed as (1, 1)-resolution, i.e. the blocks of the t-design can be partitioned into classes of mutually disjoint blocks such that every point is in exactly one block of each class. To date very little is known about s-resolutions for t-designs when s ≥ 2, except for the trivial t-designs. In this case, an s-resolution of the trivial t-design turns out to be a large set of sdesigns. A great deal of results about large sets of s-designs have been achieved by many researchers, see the references below. We will describe our construction in terms of s-resolution for t-designs in general. However we will restrict its applications just for the case where pairs of trivial designs are used and each has a suitable large set. Even with this limitation we find that the construction using resolution still possesses its strength since many simple t-designs can be constructed.
It is worthwhile to emphasize that constructing simple t−designs for large t is a challenging problem in design theory. There are several major approaches to the problem. These include constructing t−designs from large sets of t−designs, for instance [1, 18, 13, 16, 19, 21, 23, 24, 25, 32, 33, 34, 41] ; constructing t−designs by using prescribed automorphism groups, for example [2, 3, 6, 7, 8, 9, 10, 14, 20, 22, 26, 29] ; or contructing t−designs via recursive construction methods, see for instance [15, 17, 27, 31, 30, 36, 37, 38, 39, 40] .
Preliminaries
We recall some basic definitions. A t−design, denoted by t−(v, k, λ), is a pair (X, B), where X is a v−set of points and B is a collection of k−subsets, called blocks, of X having the property that every t−set of X is a subset of exactly λ blocks in B. The parameter λ is called the index of the design. A t−design is called simple if no two blocks are identical i.e. no block of B is repeated; otherwise, it is called non-simple (i.e. B is a multiset). It can be shown by simple counting that a t
Since λ s is an integer, necessary conditions for the parameters of a t−design are
, for 0 ≤ s ≤ t. For given t, v and k, we denote by λ min (t, k, v), or λ min for short, the smallest positive integer such that these conditions are satisfied for all 0 ≤ s ≤ t. By complementing each block in X of a t − (v, k, λ) design, we obtain a t
, hence we shall assume that k ≤ v/2. The largest value for λ for which a simple t − (v, k, λ) design exists is denoted by λ max and we have λ max = v−t k−t . The simple t − (v, k, λ max ) design is called the complete design or the trivial design. A t − (v, k, 1) design is called a t-Steiner system.
We refer the reader to [5, 12] for more information about designs.
is said to be (s, τ )-resolvable with 0 < s < t, if its block set B can be partitioned into
is a s − (v, k, τ ) design for all i = 1, . . . , N. Each A i is called a resolution class. We also say that a t − (v, k, λ)-design has an s−resolution, if it is (s, τ )-resolvable for a certain τ .
It is worth noting that the concept of resolvability (i.e. (1, 1)-resolvability) for BIBD introduced by Bose in 1942 [11] was generalized by Shrikhande and Raghavarao to σ-resolvability (i.e. (1, τ )-resolvability) for BIBD in 1963 [28] . A definition of (s, λ)-resolvability for t-designs with t ≥ 3 may be found in [4] . In that paper Baker shows that the Steiner quadruple system 3 − (4 m , 4, 1) constructed from an even dimensional affine space over the field of two elements has a (2, 1)−resolution. Also, Teirlinck shows for example that there exists a 2-resolvable 3 − (2p n + 2, 4, 1) design with p ∈ {7, 31, 127}, for any positive integer n, [35] . To date, very little is known about s−resolution of non-trivial t − (v, k, λ) designs for t ≥ 3 and s ≥ 2.
When (X, B) is the trivial t − (v, k,
) design, then an (s, τ )−resolution of (X, B) is called a large set. Thus, a large set is a partition of the complete t − (v, k,
/τ is the number of resolution classes in the partition. We define a distance on the resolution classes of a t−design as follows. 
The basic construction
In this section, we summarize the basic construction as described in [39] . This preparation is necessary for the description of the construction using resolution in the next section.
We first give notation and definitions. Let t, v, k be non-negative integers such that v ≥ k ≥ t ≥ 0. Let X be a v-set and let X = X 1 ∪ X 2 be a partition of X (i.e
The parameter set t − (v 2 , j,λ (j) t ) for a design indicates that the point set of the design is X 2 . Also, a design defined on the point set X 2 is denoted byD = (X 2 ,B).
The first case v = k = t = 0 gives an "empty" design, denoted by ∅, however we use the convention that the number of blocks of the empty design is 1 (i.e. the unique block is the empty block). The second case v = k gives a degenerate kdesign having just 1 block consisting of all v points. Thus, in these two extreme cases the number of blocks of the designs is always 1.
(iv) We denote by T (r,t−r) a t-subset T of X with |T ∩ X 1 | = r and hence |T ∩ X 2 | = t − r, for r = 0, . . . , t. It is clear that any t-subset of X is a T (r,t−r) set for some r ∈ {0, . . . , t}.
(v) Let X be a finite set and let u ∈ {0, 1}. The notation X × [u] has the following meaning. X × [0] is the empty set ∅, and
The basic construction in [39] is as follows.
where u i ∈ {0, 1}, for i = 0, . . . , k.
It should be remarked that the notation It can be shown that a given t-set T (r,t−r) of X the number of blocks in B containing T (r,t−r) is equal to
where Λ is a positive integer, then (X, B) forms a simple t-design with parameters
We record the basic construction in following theorem.
Theorem 2.1 (Basic construction) Let v, k, t be integers with v > k > t ≥ 2. Let X be a v-set and let X = X 1 ∪ X 2 be a partition of X with |X 1 | = v 1 and
. , t, and letD
where
Assume that
for a positive integer Λ, where
r = 0, . . . , t, and u i ∈ {0, 1},
3 The construction using resolution
In this section we describe a recursive construction of simple t−designs using resolution. Note that in the basic construction, if a pair In the following we go into detail of the construction. We make use of the notation and definitions for the basic construction in the previous section. When for a certain i ∈ {0, . . . , k} the t − (v 1 , i, λ
Similarly, we writeB
is the number of s k−i −resolution classes.
and s k−i −resolution of sizeN k−i , respectively, satisfying the following conditions.
The construction of t−designs using resolution consists of building two types of blocks.
(
Further, define
Note that w i and z i are considered as variables. Now, let T (r,t−r) be a t−set of X for r = 0, . . . , t. According to the property of s i and s k−i one of the following cases has to occur.
It is straightforward to verify the values of Λ * (i,k−i) r,t−r for the cases (a), (b) and (c) above. In case (a) we have that each r−subset of X 1 is contained in λ * (i) r blocks of A (i) h and each (t − r)−subset of X 2 is contained inλ * (k−i) t−r blocks ofĀ
is combined with z i resolution classes ofĀ
h and each (t − r)−subset of X 2 is contained in exactlyλ
h . Hence, in this case, the contribution of the new blocks to B *
with u i ∈ {0, 1}, i = 0, . . . , k.
The above presentation can be summarized as follows. Let T (r,t−r) be a t−subset of X for r = 0, . . . , t. The entire number of new blocks in
The entire number of new blocks in B *
It follows that the number of blocks in B containing T r,t−r is equal to
(r,t−r) .
Since any t−subset of X is of form T r,t−r for some r ∈ {0, . . . , t}, we see that if
for a positive integer Λ, then (X, B) forms a simple t−design with parameters t − (v, k, Λ).
We record the construction above in the following theorem.
Theorem 3.1 Let v, k, t be integers with v > k > t ≥ 2. Let X be a v-set and let X = X 1 ∪ X 2 be a partition of X with |X 1 | = v 1 and (1, k − 1), . . . , (k − 1, 1), (k, 0) 
with w i as variable, where
for r = 0, . . . , t, where
, and
; and
for a positive integer Λ, then (X, B) is a simple t − (v, k, Λ) design. 2. Theorem 3.1 does not restrict to constructing simple t− designs. Obviously, if any of the ingredient designs is non-simple, then the construction will yield non-simple designs.
Applications
In this section we illustrate the construction in Theorem 3.1 through a number of examples which show the strength of the method. In the following we will employ the notation from Chapter 4 : t-Designs with t ≥ 3 of the Handbook of Combinatorial Designs. The parameter set t − (v, k, λ) of a design will be written as t − (v, k, mλ min ). Since the supplement of a simple t−(v, k, λ) design is a t−(v, k, λ max −λ) design, we usually consider simple t−(v, k, λ) designs with λ ≤ λ max /2. Thus, the upper limit of m of a constructed design will be LIM = ⌊λ max /(2λ min )⌋. But, it should be remarked that, when an ingredient design with index λ is used, then λ can take on all possible values, i.e. λ min ≤ λ ≤ λ max .
4.1
Simple 5 − (38, k, Λ) designs with k = 8, 9, 10
We apply the construction in Theorem 3.1 to the cases t = 5, v 1 = v 2 = 19 and k = 8, 9, 10.
Simple 5 − (38, 8, Λ) designs
Here we show a detailed example to illustrate the construction. Let X = X 1 ∪ X 2 be a partition of the point set X with |X| = 38 into two subsets X 1 and X 2 with • 5 − (19, 7, λ It is known that the complete designs D i andD i for i = 3, 4, 5 have each a 2-resolution with the number of resolution classes N i = 17, i.e. the large sets LS [17] (2, i, 19 ), see for instance [12] . We choose R = {(3, 5), (4, 4), (5, 3)}. 
Here we have
3 .λ * (5)
3 .λ * (3)
4 .λ * (3) = λ * (4)
3 .λ * (4)
4 .λ * (4)
It follows that
Each set of values of u i ∈ {0, 1}, i = 0, . . . , 8; z3, z4, z5 = 1, . . . , 17; λ (38, 8, m4 ) designs for m = 280, 488, 524, 560, 560 (the number 560 repeats twice, as we have two distinct non isomorphic solutions for this value of m). The details of these 5 constructed designs are given in Table 1 . An entry 0 in a column of the table implies that u i = 0, otherwise u i = 1. Here we have λ 
4.1.2
Simple 5 − (38, k, Λ) designs with k = 9, 10
Again we assume that v 1 = v 2 = 19 for the construction of simple 5 − (38, k, Λ) designs with k = 9, 10.
• 
5 + u 2 171λ
Solving the equalities
with respect to z i = 1, . . . , 17 we obtain 20 values for m with m ≤ LIM leading to simple 5 − (38, 9, Λ) = 5 − (38, 9, m30) designs. Of which 14 designs can be constructed whose details are given in Table 2 . It should be noted that when applying the basic construction for t = 5, v 1 = v 2 = 19 and k = 8, 9 we only obtain the trivial solutions, namely the complete 5 − (38, 8, 1364 × 4) and 5 − (38, 9, 1364 × 30) designs. This could be explained as follows.
In general, if k ≤ 2t − 1, then one of the designs in each pair (D i ,D k−i ) is either the empty or the trivial design and at least one pair having both the trivial designs, therefore it leaves little room for the basic construction to produce a non-trivial solution, unless many pairs are unused, i.e. u i = 0. The construction using resolution indeed makes more room to create non-trivial solutions, as we have seen in the above examples.
• , (4, 6) , (5, 5) , (6, 4) , (7, 3) }.
And we have
5 + u 2 171λ Here are two examples:
• 5−(38, 10, 2604×6) with z 3 = 1, z 4 = 2, z 6 = 2, z 7 = 1,λ • 5 − (38, 10, 11316 × 6) with z 3 = 2, z 4 = 8, z 5 = 2, z 6 = 7, z 7 = 4,λ t may be interchanged. These two solutions are indeed the same. This fact should be taken into account by counting the number of solutions.
2. Up to now the number of known simple designs for 5 − (38, k, Λ) with k = 8, 9, 10 are 8, 14, and 23 respectively, see [12] , for instance. For k = 8, 9 all the parameters of the constructed designs differ from the known ones. For k = 10, only one of the 23 parameters of the known designs does appear in the list of 131 constructed designs, namely the parameters 5 − (38, 10, 11368 × 6). However, it is not known whether the corresponding designs are isomorphic.
Some further results of applications
We briefly record some further examples of simple t-designs for t = 4, 5, 6 by using Theorem 3.1.
t = 4
Following are several small parameters for t = 4. • z 4 = 24, z 3 = z 5 = 2, λ (3) with m ≤ LIM(= 1348). Of which 37 are shown to exist. It is interesting to remark that these 37 designs include the 10 designs constructed using the basic construction [39] . 
5 = 14, u 8 = u 9 = 0,λ
5 = 72,λ
5 = 30,λ 
5 = 12, λ
5 = 16, λ 
Conclusion
We have presented a recursive construction for simple t−designs by using the concept of resolution. This may be viewed as an extension of the basic construction as shown in our previous paper. The s-resolutions of trivial t-designs are equivalent to the large sets of s-designs, which have been extensively studied. Since our construction does not exclude the use of trivial designs as ingredients, we have restricted its applications to resolutions of the trivial ingredient designs only. In spite of this fact, the construction still produces a large number of new simple t-designs. We do not know any s-resolutions of non-trivial t-designs for t ≥ 4 and s ≥ 2. However, we strongly believe that the construction would unfold its full impact when we would gain more knowledge about resolutions of non-trivial t-designs.
